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Year 12: Specialist Mathematics

Foreword

For each unit three types of tasks are included:

> Extended teaching and learning investigation — an investigation that includes a
preparation activity which could be done in class, individually or in groups, in the
student’s own time followed by an in-class validation, so that students can reflect on
their understanding

> Solutions are provided where practicable for the preparation activity/investigation. For the
in-class validation, there are solutions and marking keys, which identify the mathematical
behaviours that students may exhibit.

» Teachers are encouraged to share these with students, so they gain experience with
WACE style marking keys.

> In-class teaching and learning investigation — an investigation for which no prior
preparation is required.

» Solutions and marking keys are provided.

> This type of task will give students experience with investigative style questions that may
be included as part of response type assessments.

> Investigative questions — a series of short questions, which test the student’s ability to
apply their learning, to justify their conclusions, to investigate and to generalise, or to
solve problems.

» Such questions could be included in a response or examination assessment. Solutions
and marking key are provided.

Screen shots have been produced using the CASIO ClassPad Il emulator

Most graphs and diagrams have been produced using efofex software.

The syllabus dot points are reproduced here under a licence agreement with the SCHOOL

CURRICULUM AND STANDARDS AUTHORITY. The Authority is acknowledged as the
owner of all dot points from the respective syllabus.

©
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The investigations and solutions in this publication are for the sole use of staff and students of

the purchasing school. It is a breach of copyright to distribute them in whole or part in any
form now or in the future to any other school, company or person.

Students should not be given copies of the validation parts or the solutions to the
investigations to take home.
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Year 12: Specialist Mathematics

TASK 11
SURFACE AREA
In-class investigation
Unit 4

Topic 4.1: Integration and applications of integration

Course-related information

The concepts and skills included in this investigation relate to the following dot points within
the ACARA Specialist Mathematics syllabus:

. use substitution u = g (x) to integrate expressions of the form f(g(x))g "(x)

(ACMSM117)
° determine volumes of solids of revolution about either axis (ACMSM125).

Background information

The mathematical skills and understandings that students would need for this task should
have been covered in earlier years and in Mathematical Methods Unit 3: Topic 2. It is also
assumed that students have already covered Specialist Mathematics ACMSM117 and
ACMSM125 in class.

Task conditions

For this task students should not have access to a CAS calculator. No student notes are
required; formulae are provided.
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Year 12: Specialist Mathematics

SURFACE AREA

In-class investigation (Total marks: 40)

When a plane curve is rotated about an axis, a hollow three-dimensional solid is created.
The surface area of this solid may be determined.

The point (x,y) on the curve traces out a circle whose circumference is 27y or 2zx as itis
rotated about the x-axis or y-axis .

The area of a surface of revolution generated by revolving the curve y = f(x), a<x<b,
about the x —axis is given by

S, = Lx:: 2ryds

The area of a surface of revolution generated by revolving the curve x=g(y), c<y<d,
about the y —axis is given by
y=d
S, =J.y:p 27xds

where (ds)’ = (dx)" +(dy)’.
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Year 12: Specialist Mathematics

Question 1 (13 marks)

Determine the area of the surface of revolution obtained by rotating the arc of the parabola
y=x",1<x<3, about the y—axis using:

(Y &
(@) ds= 1+(dxj d (6)
(b) ds= |1+ (ﬂj dy (5)
dy
(c) Comment on your results. (2)
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Year 12: Specialist Mathematics

Question 2 y (7 marks)

Show that the surface area of a sphere of radius ris 4z7° by rotating an arc of the curve
x> +y* =r° about the x —axis.
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Year 12: Specialist Mathematics

Question 3 (12 marks)

The formula for the volume and surface area of a cone of height /# and radius » may be
determined by rotating the line segment y=mx, 0<x<a, about the x—axis.

(a) Express m and a in terms of 4 and/or r. (2)

Hence, by rotating this line segment about the x —axis,

cone

(b) show that the volume of the cone is given by 7 =%7rr2h. (5)

(c) determine a formula for the surface area of the cone. (5)
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Question 4 (5 marks)

A group of Year 12 students is building a satellite dish whose shape will be formed by
rotating the curve y =ax’ about the y —axis. If the dish is to have a diameter of 3 m and a
maximum depth of 0.6 m, determine the exact surface area of the dish.
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Question 5 (3 marks)

If the curve y = f(x), a<x<b, is rotated about the horizontal line y =c, where f(x)<c,
determine a formula for the area of the resulting surface.
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Year 12: Specialist Mathematics

SURFACE AREA

In-class investigation
Solutions and marking key

Question 1(a)

Solution

y=9
Sy =2 I xqf1+ (2x)2 dx
y=1

x=3
=27ZJ X1+ 4x* dx, let u=1+4x?,
x=1
x=1Lu=5,
x=3, u=37

37
:ﬁj'\/;du

]

Using S, j 27xds where ds = /1+(Z j dx, c=1,d=9
X

du =8xdx,

%(\/373 _J5 )

T

g(”‘/_ NG

Mathematical behaviours Marks
e Chooses §, = " rxds 1
y=c
e Correct upper and lower limits 1
e Substitutes correctly for % 1
X
e Recognises integral of the form (f(g(x)))g'(x) 1
e Correct antiderivative 1
e Correct surface area 1
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Question 1(b)

Solution
2
Using S, = [ 2zxds where ds= |1+ a dy, c=1,d=9
y y=c dy
y=x>,1<x<3 = x=,/y and a1

—1<y<9
dy 2.fy

=%(37\/§—5\/§)

Mathematical behaviours Marks
e Correct upper and lower limits 1
e Substitutes correctly for dx 1
dy
o Simplifies in terms of y 1
e Correct antiderivative 1
e Correct surface area 1
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Year 12: Specialist Mathematics

Question 1(c)

Solution

Concludes that the answers to (a) and (b) are the same because

(dx) [1+( U

2
1+[QJ dx
x

[

_

and

Mathematical behaviours Marks
e Recognises results are the same 1
e Supports conclusion with reasoning 1
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Question 2

Solution

Rotate y =+r* —x*, —r<x<r, about the x—axis.
Using S, =r:b27zyds,

2
where ds = 1+(—] dx

Hence, Sx=27rr P B —
W=

Hence, surface area of a sphere of radius » is 47r>.

Mathematical behaviours

Marks

¢ rotates an arc of the circle about the x —axis
e uses correct integral for area of surface of revolution about x —axis

. dy
e correct expression for —
dx
¢ simplifies expression for ds
¢ simplifies integral expression
e correct antiderivative

e correct conclusion

B N T Y N, N N
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Question 3(a)

Solution

S
B
~

T~
N

’
D Rt R
- - -

mzi, a=nh
h

Mathematical behaviours Marks
o Correct expression for m 1

e Correct expression for a

Question 3(b)

Solution

Rotate the line segment y = %x, 0<x<h, about the x —axis,

K‘Onezﬂjl.yzdx
P
=z[|=x]| d

7[1"2 |:x3:|h

R3]
_art

o3

=l7rr2h
3

Mathematical behaviours Marks
e Chooses correct integral
e Correct upper and lower limits
e Substitutes for y in terms of x

—_— ) ) -

e Correct antiderivative
e Establishes formula for volume of a cone
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Question 3(c)

Solution
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Rotate the line segment y = P x, 0<x<h, about the x —axis,

Mathematical behaviours

Marks

e Chooses correct integral
e Correct upper and lower limits

e Substitutes for y in terms of x and for L
X
e Correct antiderivative

e Establishes formula for volume of a cone
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Question 4
Solution
0.5]
-1 0 1 5
| G
Rad Real 1o
Curve passes through (1.5,0.6),
0.6=a(1.5)
4
= a=—
15
4 ,
=—x", 0<x<1.5
Y 15
1.5 2
S = .[27zx 1+ d_y dx
y o I
1.5 8 2
=27r.[x 1+(—x} dx
! 15
1.5
=27r.[x 1+ﬁx2dx Letu=1+ﬁx2,d =gxdx
0 225 225 225
x=0,u=1 x—l.5,u=E
25
E
2257 %
= udu
S
E
225z 1 ]
64 | 24u |,
_225x[5
128 | 4
2257,
=—""m
512
Mathematical behaviours Marks
e Determines a 1
e Chooses correct definite integral 1
e Substitutes for L4 1
dx 1
e Correct antiderivative 1
e Calculates surface area
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Question 5

Solution

Let (x,y) be a point on the curve y = f (x).
is (c - y).

is 27r(c—y).

The radius of the circle formed when this point is rotated about the line y =¢

The circumference of the circle formed when this point is rotated about the line y =¢

Mathematical behaviours Marks
e Establishes radius of circle 1
e Establishes circumference of circle 1
. 1
e Determines formula for surface area
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